This study deals with two linear precoders: the maximization of the minimum Euclidean distance between received symbol-vectors, called here max-d min , and the maximization of the post-processing signalto-noise ratio termed max-SNR or beamforming. Both have been designed for reliable MIMO transmissions operating over uncorrelated Rayleigh fading channels. Here, we will explain why performances in terms of bit error rates show a significant enhancement of the max-d min over the max-SNR whenever the number of antennas is increased. Then, from theoretical developments, we will demonstrate that, like the max-SNR precoder, the max-d min precoder achieves the maximum diversity order, which is warrant of reliable transmissions. The current theoretical knowledge will be applied to the case-study of a system with two transmit-or two receive-antennas to calculate the probability density functions of two channel parameters directly linked to precoder performances for uncorrelated Rayleigh fading channels. At last, this calculation will allow us to quickly get the BER of the max-d min precoder further to the derivation of a tight semi-theoretical approximation. key words: MIMO, beamforming, diversity order, BER approximation 
Introduction
The multiple-input multiple-output (MIMO) systems under study consist of a linear precoder and a linear decoder under the full channel state information (CSI) assumption at both sides. The CSI is made available either through a feedback channel from the receiver to the transmitter, or whenever the transmitter acts also as a receiver in a time-or frequencydivision duplex operation; one should note that the only justification for transmit CSI is when the fading is sufficiently slow (quasi-static channel assumption).
The numbers of transmit-and receive-antennas are n T and n R , respectively, i.e. (n T , n R ) MIMO system. These precoded solutions permit reliable transmissions on condition to use pertinent criteria like, for example, the minimum mean-square error between the transmitted and received symbol vectors (MMSE) [1] , the maximization of the minimum singular value of the global channel matrix (max-λ min ) [2] , the maximization of the post-processing signal-tonoise ratio (SNR) (max-SNR) [3] , the minimization of the bit error rate (MBER) [4] , or the maximization of the minimum Euclidean distance at the receiver side (max-d min ) [5] - [7] . Among them, only the max-d min and max-SNR fixedrate precoders exploit MIMO communication systems in order to get a full diversity gain and, therefore, a high linkreliability (see [3] , [8] for the max-SNR precoder and this article for the max-d min one). Another well-known, simple and powerful way of achieving the maximum diversity is the use of orthogonal space-time block codes (OSTBC) [9] , [10] . These schemes require no transmit CSI, but the transmitted symbol rate is reduced; the best transmission rate is equal to 1 only for two transmit antennas. On the other hand, by using MIMO systems with precoding schemes the transmission rate is equal to b independent data substreams on condition that b ≤ min(n T , n R ) and, in the same time, a performance criterion (e.g. MMSE, max-d min ) can be applied to achieve reliable transmissions. For these reasons, the investigations reported in this study were focused on the max-d min and max-SNR fixed-rate precoders with a full perfect CSI.
In other respects, the optimization of the d min criterion is a quite difficult issue because the solution depends on the constellation alphabet and on its size. A simple and exploitable solution was proposed in [5] for the 4-QAM modulation with two data-streams (b = 2) and an arbitrary number of transmit-and receive-antennas; the spectral efficiency of this scheme is, then, equal to 4 bit/s/Hz. In order to keep the same spectral efficiency for a relevant comparison of performances, the max-SNR precoder will use here a 16-QAM.
The interest of the max-SNR, i.e. the significant improvement of performances induced by addition of only two antennas respectively dedicated to transmission and reception was evidenced in [11] , [12] by deriving the symbol error probability (SEP). In a same way, the present article reports on the significant improvement of the max-d min induced by increasing the number of antennas in operation and evidenced from bit error rate (BER) simulations. It will also demonstrate that, like the max-SNR, the max-d min precoder achieves the maximum diversity order n T ×n R . A thorough analysis of this enhancement will highlight the benefits of using this recently-designed precoder against the max-SNR precoder.
We will also compare these two precoders in the special case-study of min(n T , n R ) = 2, i.e. (2, n R ) or (n T , 2) MIMO systems. This configuration corresponds to a communication scenario where a base station with several antennas is linked to a mobile transmitter/receiver equipped with only two antennas. The study of these two-dimensional systems will permit us to define new random variables (RV) based Copyright c 2008 The Institute of Electronics, Information and Communication Engineers on a cartesian-to-polar transformation of the two channel matrix singular values. The determination of the probability density functions (pdfs) for a Rayleigh uncorrelated environment will show the independence of the transformed RV. Then, this calculation will be used to design and derive a well-suited numerical tight approximation of the BER in order to quickly compare the respective performances of max-d min and max-SNR precoders.
The paper is organized as follows: Sect. 2 will introduce the channel model and the simplifications made about, in particular, the eigen-mode representation. Section 3 will briefly describe the principle and characteristics of the two schemes under study. Section 4 will report on our BER simulations of max-d min and max-SNR precoders before explaining qualitatively the main difference between them. Section 5 will deal with the theoretical characteristics of the max-d min precoder and of the semi-theoretical approximation of BER. At last, our conclusions will be drawn in Sect. 6.
Channel Model and Eigen-Mode Representation
Let us consider a narrowband spatial multiplexing MIMO system with n R receive and n T transmit antennas. The system transmits b ≤ min(n T , n R ) independent symbol streams through a precoder matrix, F, and a decoder matrix, G, designed on assuming a perfect channel knowledge at both sides. The input-output relation is:
where y is the b × 1 received signal vector, H is the n R × n T Rayleigh fading channel matrix with † N c (0, 1) i.i.d. elements, F is the n T × b precoder matrix, G is the b × n R decoder matrix, s is the b × 1 transmitted symbol vector, and n is the n R × 1 additive white Gaussian noise (AWGN) vector. Let us assume that b ≤ rank(H) ≤ min(n T , n R ) and:
By using the following decompositions F = F v F d and G = G d G v , the input-output relation (1) can be re-written as:
where H v = G v HF v is the eigen-mode channel matrix, n v = G v n is the additive noise vector on the channel eigenmode with the covariance matrix
n I b ; in addition, the unitary matrices G v and F v are chosen in order to diagonalize the channel and reduce its dimension to b. This procedure, based on the singular value decomposition (SVD) of H, is frequently used for MIMO systems. The matrix F d results from optimization under a specific criterion described in the next section. In addition, the SNR is defined as:
where E T is the total average transmitted power; the precoder must verify
On the other hand, the symbol decision is the maximum likelihood rule (ML) and is unaffected by G d ; thus, this matrix can be equal to the identity matrix with no loss of generality. As a result, the matrix H v corresponds to b independent subchannels and is equal to diag(
Description of the Precoders

Maximum d min (max-d min ) Precoder
The minimum Euclidean distance between received vectors affects the system performances, especially with the ML detector [13] . The minimum Euclidean distance is defined by:
where s k and s l belong to C, the set of all possible transmitted symbol vectors. The max-d min precoder is given by:
under the power constraint,
Computing Eq. (6) is difficult because the expression of d min under consideration is the exact one and depends on both the constellation size and subchannels. One should note that the authors in [2] used approximations of d min . A very exploitable solution was given in [5] for two independent data streams, b = 2 and a 4-QAM. This precoder design is based on a change of variable:
where ρ is a positive real parameter related to the channel gain, and γ is an angle linked to the eigenvalues ratio meeting the condition λ 1 ≥ λ 2 > 0, i.e. π / 4 ≥ γ >0. It is worth noting that H v is totally defined by ρ and γ. Moreover, a small γ means that the first subchannel is privileged (λ 1 λ 2 ), whereas a value close to π / 4 indicates two close subchannels (λ 1 λ 2 ). Then, the solution given in [5] simply depends on the value of γ according to a constant threshold γ 0 :
where
17.28
is the zero-mean and unit-variance complex normal distribution, I n is the identity matrix n×n, (.) * is the transpose conjugate, . F is the Frobenius norm, diag(.) is a diagonal matrix, and E[.] is the mathematical expectation.
The term, ψ, is related to the eigen-mode power allocation, and the constant threshold, γ 0 , permits the precoder to use either one or two subchannels, i.e. Eqs. (8) and (9) respectively. The value of γ 0 is obtained by considering that F r1 and F octa provide the same d min . Equations (8), (9) and (10) can be directly computed to design the max-d min precoder for a given channel matrix or, more precisely, for a given value of γ.
In order to further study the theoretical behavior of the max-d min precoder, let us define the optimized normalized minimum Euclidean distance as
This definition slightly differs from [5] , and the result depends on only γ:
A prerequisite to the comparison of this d min -based precoder with the max-SNR maximizing the post processing SNR is the calculation of the normalized d min and postprocessing SNR criteria in both cases. For an AWGN, the post-processing SNR, Γ, was defined in [2] as:
Equations (2) and (3) permit a simplification of (12) as follows:
Let us now determine the post-processing SNR for the optimized d min scheme:
Maximum SNR (max-SNR) Precoder
In a similar way, the precoder F d optimizes the postprocessing SNR (13):
One should note that λ 1 ≥ λ 2 and that the upperbound for the post-processing SNR is:
The straightforward solution achieving the upperbound and consequently the optimization is a family of matrices defined by:
where u and v are two complex parameters meeting the constraint |u| 2 + |v| 2 = 1. The precoder F r1 is a solution of Eq. (15), so the max-d min solution for 0 ≤ γ ≤ γ 0 gives the optimized post-processing SNR. The well-known max-SNR precoder [3] , [11] 
The equivalent inputoutput relation is then:
where s is the single transmit symbol, and n is an AWGN with variance σ 2 n . The optimized post-processing SNR is given by:
In addition, for further comparisons the normalized minimum Euclidean distance for a 16-QAM is:
The next section will evidence results from BER simulations showing different behaviors for the two precoders. A first study will permit us to qualitatively explain these observations in order to further focus on theoretical developments.
Comparison of Precoder BERs after Increase in the Number of Antennas
Evidence of max-d min Interest from Simulations
The effect of channel estimation errors was investigated in [5] where it was found to have a similar impact on both precoders. Consequently, all of the BERs were simulated with 10 4 known Rayleigh matrices (perfect CSI) under the following conditions: b = 1 and 16-QAM for the max-SNR and b = 2 and 4-QAM for the max-d min . Figure 1 shows the BER plots as a function of the SNR Φ for the max-d min and max-SNR precoders. It highlights that the gap between both precoders is increasing with the number of antennas; for the (2,2) system, the max-SNR is slightly better than the max-d min at low SNR, and vice versa at high SNR. The SNR difference between the two precoders is about 1.8 dB for the (3,3) system and reaches nearly 2.5 dB for the (4,4) one. The max-d min precoder takes, therefore, more benefit from the spatial diversity than the max-SNR due to the significant enhancement of performances induced by using more antennas.
How Does d min Precoder Structure Better Exploit Additional Antennas?
The expressions of the normalized minimum Euclidean distances (11) and (20) show that ρ is a scale factor for both precoders. Only γ has an impact on the behaviors of both precoders, and the results of the performances can be qualitatively explained by the study of γ (Fig. 2) . In order to compare the two precoders, let us now focus on the evolution of both criteria as a function of γ. Figure 2 depicts the evolution of d min and post-processing SNR ratios versus γ defined as:
Let us denote n S = |n T − n R | to represent the configuration asymmetry. By using the theoretical result explained in Sect. 5.2 for min(n T , n R ) = 2, the pdfs of γ are superimposed on the same figure when n S = 0 or n S = 8 for (2,2) or (2,10) systems, respectively. Depending on whether γ is lower or greater than γ 0 (10), the max-d min precoder solution is either (8) or (9) , which leads to different behaviors. Figure 2 shows clearly that R Γ = 1 when γ ≤ γ 0 (both precoders are solutions of Eq. (15)); on the other hand, when γ > γ 0 the max-SNR has a slightly better post-SNR (R Γ < 1), but R d min is signifi- (8) in the received constellation. Thus, the difference between both precoders is large when the max-d min precoder (F octa ) uses the two subchannels, whereas the max-SNR precoder always suppresses λ 2 . One should note that when n S is increasing, the plots of γ pdfs show a shift on the right side corresponding to higher values of γ. The second gain, λ 2 , is then closer to λ 1 , but this subchannel is still neglected by the max-SNR. Moreover, Table 1 shows that, statistically, the max-d min quickly uses only the F octa precoder when n S is increasing. These statistical observations together with the previous comparison of behaviors explain why the max-d min precoder provides a better BER than the max-SNR.
Theoretical Results for max-d min
Proof of Full Diversity of max-d min
The maximum order diversity of the max-d min precoder can be shown by a development alike the one reported in [14, pp.99-100] for the max-SNR. So, let us consider the nearest neighbor union bound to the symbol (vector) error probability (SEP) when the ML detection rule is applied. It gives:
where N e is the average number of the nearest neighbors per symbol vector [15] , and erfc() is the complementary error function. One should note that the max-d min is a particular case where the nearest neighbors are all located at the same optimized distance, d min (F d min ) . Thus, the constant, N e , corresponds exactly to the average number of symbol vectors at this minimum distance, and Eq. (22) provides a close approximation to the actual probability error [15] . Equation (11) can be rewritten to express d 2 min versus λ 1 = ρ 2 cos 2 γ:
. This increasing function verifies ξ ≤ χ(γ) ≤ 1 for γ ∈ [γ 0 , π / 4 ] and, thus, the distance can be upper-and lower-bounded as follows:
Moreover, using the inequality
By using the Chernoff bound (i.e. erfc(x) e −x
for x 1) and the result E[exp(−x H
2 )] = (1 + x) −n T n R (entries of H are assumed to be N c (0, 1) i.i.d.) , at high SNR regime, the upper-and lower-bounds of the average SEP are as follows:
The diversity order of the max-d min is, thus, maximum and equal to n T × n R .
Rayleigh Fading Channel Study with γ and ρ Parameters
Let us now set n T or n R equal to two i.e. (2,n R ) or (n T ,2) systems. This asymmetric configuration corresponds to a base station with several antennas and a mobile transmitter/receiver restricted to two antennas. Moreover, Fig. 1 shows that the max-d min exploits the spatial diversity better than the max-SNR, and the case (2,2) is the most unfavorable since the BERs of the two precoders are close. These considerations led us to theoretically compare the two precoders for (2, 2 + n s ) or (2 + n s , 2) MIMO systems with n s = {0, 1, 2, . . .} in the two next paragraphs. It is worth noting that, usually, performances are studied from the statistics of λ i [16] , [17] . On the other hand, the present study uses theoretical results about ρ and γ. The joint density probability of the two eigenvalues λ 1 and λ 2 was given in [18] :
Then, the joint pdf of ρ and γ is obtained by using the change of variables defined in Eq. (7):
where |J| is the Jacobian determinant and is equal to 2ρ 3 sin 2γ. Finally, the result is:
The two marginal pdfs can be calculated by integrating this equation according to ρ or γ. The pdf of γ is:
and the pdf of ρ is: Thus, we can easily verify that the two random variables are independent:
This interesting result allows us to develop a semitheoretical approximation of the BER.
Semi-Theoretical Approximation of the BER
The theoretical determination of BER is not trivial [12] , and finding the exact BER of max-d min would be very hard. These considerations led us to propose an efficient average SEP approximation of the max-d min or max-SNR precoder.
The expectation over the random variables ρ and γ of the tight error probability (22) can be expressed as:
is either the normalized minimum distance of max-d min (11) or the normalized minimum distance of max-SNR (20) . The number of the nearest neighbors depends on the chosen precoder and can be counted once the received constellation has been plotted. In the same way, the corresponding average number of false bits per 4 bits symbol vector error, denoted N b , can be counted, and the non-averaged BER-SEP relation is then given by:
The max-d min precoder is unable to minimize N b because of its structure and of the large number of neighbors (Table 2) conversely to the 16-QAM used by the max-SNR, which, thanks to the Gray coding, achieves N b = 1. Indeed, the Gray coding requires a number of nearest neighbors lower than the number of bits corresponding to a transmitted vector (4 bits here). The values for the F r1 and the F octa are given in Table 2 . On the other hand, the erfc function has a tight upper bound [19] :
where N is the development order, and α i and β i are coefficients. The use of Eqs. (32) to (35) leads to:
where τ γ = N e N b /4 depends on the chosen precoder according to the value of γ (Table 2 ). Let us calculate the integral over ρ by using Eq. (31):
Then, the result is expressed by:
where the whole set of elements is known, which permits an easy numerical integration for the max-d min and max-SNR precoders. Moreover, the denominator in Eq. (38) can be approximated at high SNR, which allows the factorization of the SNR term:
Let us denote κ(n S ) the n S -dependent parameter as:
it is also defined as the coding gain [14, pp.89]. As a result, the average BER can be upper-bounded at high SNR by:
Equation (41) verifies that the diversity order of max-d min precoder is equal to 2n S + 4 = n T n R (with min(n T , n R ) = 2). Figure 3 shows the simulated and approximated BERs for max-d min and max-SNR precoders with n S = 8 and the 2 ). The approximation of the max-SNR is useful for comparison of results. Indeed, the pdf of λ 1 can be found in [20] , and the performances of the max-SNR can be deduced from [12] , [21] . The approximation is a tight upper bound especially for middle and high SNRs (Φ > 4 dB). This approximation allows one to quickly predict and compare the performances of both precoders.
Approximation Results
At a fixed SNR, Fig. 4 shows the BER max-SNR -to-BER max-d min ratio as a function of n S . The BERs were simulated or approximated by using (38). A first comparison of the simulated and approximated BER ratios at Φ = 8 dB indicates that the approximated ratio, i.e. the BER ratio calculated with the approximation, is very close to the ratio issued from simulations. According to Fig. 3 the approximation is correct at high SNR. These data led us to consider that the use of the approximation ratio was valid at SNRs greater than 8 dB, and in particular when Φ = 12 and 16 dB (Fig. 4) . It is worth noting that the BER ratio is increasing linearly with n S in a semilogarithmic scale where the slope is SNR-dependent. Thus, the results issued from the max-d min are better than those from the max-SNR when the number of antennas is increased (min(n T , n R ) = 2).
We demonstrated that the max-d min and max-SNR precoders have the same diversity order or, equivalently, the same slope of the asymptotic BER at high SNR. Let us define the asymptotic SNR gain G dB as:
The term G dB represents the SNR difference in dB between the two precoders at high SNR. In order to evaluate the influence of the number of antennas, Fig. 5 depicts this SNR gain versus n S . It shows a strong enhancement of the gain when n S falls within 0 and 4, and a saturation effect when n S is greater than 4. The max-d min precoder takes more profit of additional antennas than the max-SNR. Fig. 4 Simulated BER ratio for Φ=8 dB and semi-theoretical BER ratios as a function of n S for Φ={8, 12, 16} dB and min(n T , n R ) = 2. 
Conclusion
These additional investigations on a MIMO minimal distance precoder allowed us to demonstrate from theory that the diversity order of the max-d min precoder was maximum and equal to n T × n R . Inter-comparison of simulated BER of the max-d min and max-SNR precoders for symmetric systems highlighted the benefits of the d min -based precoder when antennas were added. Moreover, according to the Rayleigh fading for min(n T , n R ) = 2 MIMO systems, we determined the pdfs of the channel parameters γ and ρ defined by the transformation of the twodimensional Cartesian eigenvalues system into a polar one and observed that the variables γ and ρ are independent. At last, we derived a tight semi-theoretical approximation of the max-d min BER, which enabled us to quickly compare the two precoders for asymmetric systems (min(n T , n R ) = 2): we found that the max-d min precoder was always better than the max-SNR precoder when n S was increasing (except for n S = 0). However, for a high n S , using a MIMO system with min(n T , n R ) = 3 could be a better solution since the SNR gain showed some saturation. For this reason, it would be worth extending these promising results to MIMO systems with min(n T , n R ) > 2 in further investigations.
